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Abstract
The joiningsplitting interaction of non-critical bosonic string is analyzed in the light-
cone formulation. The Mandelstam method of constructing tree string amplitudes is ex-
tended to the bosonic massive string models of the discrete series. Model independent
properties of the dynamics of longitudinal excitations are derived from the requirement
of Lorentz covariance of these amplitudes. The properties do not t the CFT structure
usually assumed in the Liouville sector. The results concern in particular the non-critical






It is well known since early days of string theory that the covariant quantization of the free
Nambu-Goto string [1] and the Ramond-Neveu-Schwarz fermionic string [2, 3] leads in non-
critical dimensions to consistent quantum models with longitudinal excitations. The relevance
of the (super)-Liouville theory for a proper description of these extra degrees of freedom was
rst pointed out by Polyakov in his celebrated papers on conformal anomaly in string theories
[4, 5]. The free string models obtained by adding the (super)-Liouville sectors were rst
analyzed by Marnelius [6]. More recently the no-ghost theorems for these models were derived
[7, 8] yielding one continuous and one discrete series of free non-critical string models. In
particular it was shown that the non-critical Nambu-Goto string and the non-critical RNS
string are members of the corresponding discrete series. In all cases the rst excited state
is massive which justies the name massive string for all these models. It was subsequently
shown that massive strings admit the light-cone formulation which can be used to analyze
their spin content [9, 10, 11]. In contrast to the critical strings where the number of the
tachion-free models is strongly limited, the GSO projection yields a large class of tachion-
free massive strings with surprisingly rich mass and spin spectra [11]. None of these models
contains massless states with spin greater than 1. This makes them good candidates for matter
elds in an eective description of low energy QCD.
The central problem of any non-critical string is a consistent interaction. In the case of
the critical string there are two strategies to construct interacting theory. The rst one is
the Polyakov covariant approach which can be seen as a modern covariant version of the
old dual model construction [12]. In this approach the on-shell string amplitudes are dened
in terms of correlators of the 2-dim conformal eld theory integrated over moduli spaces
of corresponding Riemann surfaces [13]. The second approach, introduced by Mandelstam
[14, 15, 16], is based on the light-cone formulation of the free string. The string amplitude for
a given process is dened as a sum over all possible histories of the system. Each history in this
sum is represented by a world-sheet in the Minkowski target space describing causally ordered
processes of joining and splitting and contributing the factor eiS where S is the classical string
action. The advantage of this approach is that all restrictions imposed by the causality and
locality principles of the relativistic quantum theory can be easily implemented in the path
integral representation of the amplitudes and the unitarity of the S-matrix is manifest.
All hitherto attempts to introduce non-critical string interactions [17, 18, 19, 20] were
based on various extensions of the Polyakov formulation which is known to be equivalent
to the Mandelstam light-cone string theory only in the critical dimensions [21]. A common
feature of this attempts is the assumption that the dynamics of longitudinal excitations is
described by a conformal eld theory. It works well in the so called weak coupling regime,
i.e. for the central charge in the longitudinal sector in the range c 6 1 or 25 6 c [22, 23]. In
spite of a constant progress [24] still very little is known about the strong coupling regime
1 < c < 25, relevant for non-critical string.
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The aim of this paper is to extend the Mandelstam method of constructing joining-splitting
interaction to the discrete series of bosonic massive string models. The analysis of the physical
state conditions in terms of DDF operators for these models exhibits three types of excita-
tions corresponding to the transverse, the Brower longitudinal, and the Liouville longitudinal
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degrees of freedom [7]. A special case where the Brower longitudinal sector consists of null
vectors (cB = 0) corresponds to the Nambu-Goto non-critical string. The transverse and the
Brower longitudinal sectors are described by standard CFT. The problem crucial for inter-
actions of non-critical strings is the dynamics of the Liouville longitudinal excitations. Our
strategy in this paper is to extract all the properties of the dynamics in the Liouville sector
which are indispensable for the construction of Lorenz covariant tree string amplitudes.
Our considerations are based on three assumptions: (i) the space of asymptotic states
coincides with the space of states of the free massive string from the discrete series; (ii) the
tree amplitudes are dened by straightforward extension of the Mandelstam construction;
(iii) the transverse and the Brower longitudinal sectors are described by standard CFT on
the complex plane. Our main results can be summarized as follows. The properties of the
standard CFT we need in the Liouville sector for constructing the Lorentz covariant tree
string amplitudes are the conformal Ward identities. The only postulate one can relax is the
existence of the operator product expansion for primary elds. If the spectrum of the free
string is assumed this property actually must be lifted.
The consequences of the last conclusion are especially interesting. First of all the unitarity
of the Mandelstam approach is no longer manifest. If one wants for instance to construct a
perturbative expansion, at least formally satisfying the unitarity requirement, its structure
is similar to the perturbative expansion of non-polynomial eld theory, and thus completely
dierent from what is known in the critical string theory. Secondly, the standard CFT tech-
niques along with the bootstrap program are not appropriate for determining the Liouville
dynamics relevant for non-critical strings.
The conclusions above are meaningful only if there exists a model for the Liouville dy-
namics satisfying all the properties mentioned above. Otherwise they would have resulted
in a new no-go theorem. It seems however that the so called geometrical approach origi-
nally proposed by Polyakov [25] and further developed by Takhtajan [26, 27, 28, 29] is a very
promising candidate for such a model. It also seems that the classical problem of interacting
non-critical Nambu-Goto string is not that far from its denite, positive or negative, solution.
It is certainly worth further investigations.
The paper is organized as follows. In Section 2 the free massive string model in the light-
cone formulation is dened and the light-cone local elds in each sector are introduced. In
Section 3 following the idea of joiningsplitting interactions we construct the tree string am-
plitudes. In Subsection 3.2 we discuss all the properties required for the construction of the
amplitude in the Liouville sector. On this level the conformal Ward identities are necessary
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These names for dierent types of longitudinal excitations have not been used in previous papers on
massive string, see Subsection 2.1 for the denitions.
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for the statepuncture correspondence. In Subsection 3.4 the nal form of the light cone am-
plitude is calculated. In particular an explicitly Lorentz covariant form of the tachionic tree
amplitude is derived. In Section 4 we present the proof of the Lorentz covariance for arbi-
trary tree amplitude. It turns out that the properties of the Liouville sector introduced in
Subsection 3.2. are sucient to complete the proof. Finally in Section 5 we discuss the issue
of unitarity, and derive some conclusions.




In this subsection we remind the light-cone formulation of closed bosonic massive string prop-
agating in the d dimensional Minkowski target space (1 < d < 25) [9].
For a given choice of a light-cone basis one construct the quantum theory as a represen-
tation of the algebra of zero modes
[P i, xj ] = −iδij , [P+, x−] = i ,
along with the algebra of the transverse
[aim, a
j
n] = mδijδm,−n ,
[eaim,eajn] = mδijδm,−n , m, n 2 Z n f0g
the Liouville longitudinal
[cm, cn] = mδm,−n ,
[ecm,ecn] = mδm,−n , m, n 2 Z n f0g
and the Brower longitudinal
[LBm, L
B




[eLBm, eLBn] = (m− n)eLBm+n + cB12 (m3 −m)δm,−n ,
excitations. All other commutators vanish and the standard conjugation properties are as-
sumed. Although heterotic constructions are possible we shall consider only the models with
the same central charge in the right and the left algebras of Brower longitudinal excitations.
This is also the case which arises in the covariant quantization of closed massive string [7].
The algebra of non-zero modes is by construction isomorphic to the (diagonalized) algebra
of the DDF operators of the covariant approach [7]. In particular, the algebra of LBm corre-
sponds to the (left) Virasoro algebra of the shifted Brower longitudinal DDF operators. There
is no zero mode in this sector and the space of states has the structure of tensor product of the
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left and the right Verma modules. In the following we shall restrict ourselves to the discrete
series of the unitary Verma modules Vm(p, q) with the central charge [30, 31]
cB = cm  1− 6
m(m + 1)
, m = 2, 3, . . . ,
and with the highest weight
hm(p, q) =
((m + 1)p −mq)2 − 1
4m(m + 1)
, 1 6 p 6 m− 1 , 1 6 q 6 p .
Any pair of the allowed left and right highest weights leads to a consistent free string model.
Slightly more general models can be constructed as direct sums of pairs of Verma modules
of the same central charge and with dierent highest weights. Guided by the experience with
the critical string we assume that the space VB of Brower longitudinal excitation is identical
with the space of states of a unitary minimal model of 2-dim conformal eld theory. In the




Vm(p, q)⊗ eVm(p, q) .




where p = (p1, . . . , pd−2), and F(p) denotes the Fock space generated by the left and right
transverse excitations out of the unique ground state jp i satisfying
P i jp i = pijp i .
The total space of states in the light-cone formulation is then dened by
H =
Z
dp+ jp+i ⊗ HT ⊗ VL ⊗ VB ,
where P+jp+i = p+jp+i and VL is the Fock space generated by the left and right Liouville
excitations out of the unique vacuum state j0iL.
















:c−kcn+k : + 2i
p
βncn + 2βδn,0 . (2.1)
The operators Ln  LTn+LLn+LBn and their left counterparts eLn form two commuting Virasoro
algebras with the central charge c = d + 48β − 6m(m+1) . In this construction we have used the
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zero modes ai0 = eai0 = 12pαP i with the dimensionful parameter α related to the conventional




(L0 + eL0 − 2) , P+ , P i ,
M ijlc = P








n − aj−nain + eai−neajn − eaj−neain ,


















ai−nLn − L−nain + eai−neLn − eL−neain ,
closes to the Lie algebra of Poincaré group if and only if the parameter β entering the denition








This representation induces a unitary representation on the subspace Hph  H of physical
closed string states dened by the condition
(L0 − eL0)jΨi = 0 .
In the case of the diagonal minimal model in the Brower longitudinal sector the on-mass-shell









, N = 0, 1, 2, . . . .
2.2 Light-cone elds in the transverse sector
Following standard light-cone formulation [14, 15, 16] we choose the world sheet parameter-
ization (σ, τ) where τ is related to the target space time by τ = 2
p
αx+ and σ is in the
range
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The string uctuations in the transverse sector are described by the elds




















αr + eaine inσαr 






Xi(σ, τ) = i[P−,Xi(σ, τ)] .
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The subscript r will serve in the following to distinguish between various incoming and outgoing strings;
we use it here to avoid confusing the range of σ with the parameter α = 1
2α′ .
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After Wick rotation τ ! −iτ the elds Xi can be decomposed into the holomorphic and
antiholomorphic components in the complex variable ρ = τ + iσ:





χi(ρ) + eχi(ρ) ,













where the left and the right zero modes satisfy:
[ai0, q
j
0] = −iδij , [eai0, eqj0] = −iδij ,
P i =
p





(qi0 + eqi0) ,
and the restriction to the subspace on which ai0 = eai0 is assumed. Another local eld of the
transverse sector is the energy-momentum tensor describing the transformation properties
with respect to the world sheet conformal transformation. Within the Euclidean framework















In order to avoid unnecessary repetition we omit here and in the following the formulae
for the right (antiholomorphic) sector. The generator Q,~ of the the innitesimal conformal









dρe(ρ)eT T (ρ) , (2.3)
and the transformation rules for the transverse elds and states take the form
δχ
i(ρ)  − (ρ)∂ρχi(ρ) = − [QT,~, χi(ρ)] , (2.4)
δT
T(ρ) = − [QT,~, T T(ρ)] , (2.5)
δ,~ jΨi = −QT,~ jΨi . (2.6)
For arbitrary conformal mapping ρ ! ρ(z) the integrated version of (2.5) yields




















The transformation law (2.7) is satised by the free eld representation of the energymo-
mentum tensor
T T(ρ) = −1
2
:∂ρχi(ρ)∂ρχi(ρ) : − d24α2r
.
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According to the standard operatorstate correspondence for each state jΨi 2 HT there exists
a unique local vertex operator VΨ(z, z) such that
jΨi = lim
z,z!0
VΨ(z, z)j0 i ,
and j 0 i is the unique PSL(2,C)-invariant vacuum state in HT. In particular the vertex
operators Vp(z, z) corresponding to the ground states jp i 2 HT are given by






One possible way to construct the vertex operator corresponding to the excited state is to
express the creation operators in terms of the contour integrals of the local elds Xi(w, w).
Another way, which can be easily generalized to the longitudinal sector, is to consider the
transverse sector as a tensor product HT =
d−2Q
i=1
Hi of d− 2 copies of the c = 1 scalar CFT. In
each Hi one has the basis consisting of the vectorsfkg, fkg, pi  = eLir,−k1 . . . eLir,−kmLir,−k1 . . . Lir,−kn jpi i ,
generated by the modes Lir,−k, eLir,−k, of the ith components T i(ρ), eT i(ρ) of the transverse
energymomentum tensor T T(ρr), eT T(ρr). The vertex operators corresponding to these states
can be constructed as
























(wm − zr)km−1 : e
ipiXi(zr ,zr) : ,
where the integration contours are nested radially around zr, jw1 − zrj > jw2 − zrj > . . . >
jwm − zrj, j w1 − zrj > j w2 − zrj > . . . > j wm − zrj.
2.3 Light-cone elds in the longitudinal sector
The CFT interpretation of the Brower longitudinal sector is essentially the same as in the
transverse one except there are no counterparts to the elds χi, eχi, which reects the fact
that there is no classical description of this sector in terms of action functional. The energy


















B(ρ) = − [QB,~, T B(ρ)] , (2.9)
δ,~jΨi = −QB,~jΨi . (2.10)
Due to the assumed minimal model structure there exists the unique SL(2,C)-invariant vac-
uum state j0, 0iB 2 VB and the standard operatorstate correspondence holds. Proceeding to







B(z) = − 1
2pii
I
dw (w)T B(w)T B(z) , (2.12)
δ,~VΨ(z, z) = − 12pii
I




d w e( w)eT B( w)VΨ(z, z) .
Let us note that in contrast to the transverse sector where the free eld representation of the
energymomentum tensor is available, the l.h.s. of (2.12) can be independently dened only
by the transformation properties of the correlation functions involving T B(z).
The space of states in the Liouville sector carries representations of two dierent Vira-
soro algebras with the central charges c = 1 + 48β and c = 1. This leads to two dierent
interpretations of this sector as a conformal eld theory.
Within the scalar interpretation the space of states in the Liouville sector can be seen as
the restriction of the space of states of a single scalar eld in two dimensions to the subspace of
states with zero momentum. In order to make the standard eld theoretic techniques available
one can extend the space of states to that of a single scalar eld and then dene the subspace
of physical states by imposing an extra constraint of vanishing momenta. As in the case of
the transverse sector it is convenient to introduce the algebra of left and right zero modes
[c0, φ0] = −i , [ec0, eφ0] = −i ,
restricted to the subspace annihilated by c0 − ec0. The subspace of physical states is then
determined by the condition (c0 + ec0)jΨi = 0. The Poincaré representation on the extended
space is given by the formulae (2.2) with the Virasoro generators LLn (2.1) modied by the
appropriate zero mode contribution. In the extended space one can dene the local Liouville
eld










The energymomentum tensor and the transformation rules are given as in the Liouville
interpretation by the formulae (2.8  2.13). The crucial feature of the scalar interpretation is
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that the transformation rule for the Liouville eld,
δφ(ρ) = − [QL,~, φ(ρ)] = − (ρ)∂ρφ(ρ) − 2
p
β∂ρ(ρ) , (2.15)
does not coincide with the change of φ(ρ) under innitesimal conformal transformation of its
argument ρ ! ρ + (ρ). The same discrepancy shows up in the transformation rule of the
energymomentum tensor which can be written as








It satises formulae (2.9), (2.12) only when the non-homogeneous transformation law for the
Liouville eld is assumed. The drawback of the scalar interpretation is that the local eld
dened by (2.14) does not provide any working model for the transformation law (2.15). One
can show that just this feature is responsible for the failure of constructing Lorentz covariant
joiningsplitting interactions within the scalar approach. For this reason we shall not discuss
this interpretation in this paper any more.
According to the Liouville interpretation the space of states is a tensor product of single
left and single right Verma modules with the same central charge cL = cL = 1 + 48β and the
same non-zero highest weight h = h = 2β. The construction of energymomentum tensor and
the form of transformation rules are essentially the same as in the Brower longitudinal sector
and are given by exact counterparts of the formulae (2.8  2.13). The crucial dierence is that
the only ground state j 0 iL in this sector is not PSL(2,C)-invariant,
LL0j 0 iL = 2β j 0 iL , eLL0j 0 iL = 2β j 0 iL ,
and the energy momentum-tensor acting on j 0 iL is singular in the limit z ! 0,
T L(z)j 0 iL = 2β
z2
j 0 iL + 1
z
LL−1j 0 iL + regular terms .
This singular behavior cannot be mimic by any local operator placed at the origin of the
complex plane which means that the operatorstate correspondence does not hold in this
sector. Instead of the identity operator which corresponds in the standard CFT to the invariant
vacuum, there is a puncture corresponding to the non invariant vacuum state j 0 iL with
prescribed singularity structure of the energymomentum tensor at it. It should be stressed
that the Liouville interpretation goes far beyond the standard CFT where the existence of a
unique invariant vacuum and the operatorstate correspondence are fundamental assumptions.
3 Interacting string
3.1 Joiningsplitting interactions
In the light-cone picture, developed by S. Mandelstam [14, 15, 16], string amplitudes are
constructed in terms of light-cone diagrams corresponding to time ordered sequences of ele-
mentary splitting and joining processes.
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The elementary process of joiningsplitting can be described in terms of the vertex operator
acting between three Hilbert spaces of free string states [33, 34, 35, 36]. Assuming the free
string evolution between acts of interaction one can construct string amplitudes automatically
satisfying the (perturbative) unitarity requirements. Another approach rst introduced by
Mandelstam [14, 15] is to express the string amplitudes in terms of path integral over string
trajectories with the world-sheet geometries corresponding to appropriate light-cone diagrams.
Within this approach the 3-string interaction vertex is implicitly dened by the requirement
that the free CFT dened on each cylinder-like region of free string propagation are glued up
to a unique CFT on the light-cone diagram. It can be shown that in the case of the transverse
string excitations described by the 2-dim scalar CFT both formulations are equivalent [33,
34, 37].
In this section we shall follow the original Mandelstam approach and construct the string
amplitudes in terms of conformal eld theories on the light-cone diagrams. It allows to avoid
technically involved questions of sewing conformal eld theories and makes it easier to express
the light-cone amplitudes in terms of CFT on the complex plane. Let us note that in such
formulation the unitarity in the longitudinal sector is not automatic and requires additional
considerations.
A tree light-cone diagram  with N external states is uniquely characterized by the
circumferences 2piαr of external semi-innite cylinders, the interaction times τ1 6 τ2 6 . . . 6
τN−2, and the N −3 angles describing twists of the intermediate cylinders. These twist angles
can be parameterized by the σI coordinates of all but one interaction points. We assume that
all external states are eigenstates of the momentum operators P+, P−, P i. In the p+ sector the
tree string light-cone amplitude is given by the conservation delta function. The eigenvalues
p+r of the external states are related to the geometry of  by p+r =
p
ααr. If we assume
the time translation invariance the integration over one of the interaction times results in the
energy conservation delta function. The contribution of the light-cone diagram  to the string














d2(ρI − ρ1) W TW BW L (3.1)
where ρI = τI + iσI describe locations of the interaction points and the integration domain re-
ects the time ordering of string interactions. W T,W B,W L denote the transverse, the Brower,
and the Liouville sector contributions respectively.
3.2 Transverse sector
In this subsection we shall briey discuss the transverse sector contribution to the tree string
amplitude. This material is not new and was included in order to set notation and to provide
an introduction for the discussion of the longitudinal sector. The only novelty is the derivation
of the amplitude in terms of correlation functions of vertex operators in the case of excited
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DglcXi(σ, τ) e−S[glc,Xi(σ,τ)] ,
where the inner path integral goes over elds satisfying the Dirichlet boundary conditions
Xi(σr, τr) = Xir(σr). According to our assumption the external states are eigenstates of the






































DglcXi(σ, τ) e−S[glc,Xi(σ,τ)] .
In order to express the light cone amplitude in terms of the conformal eld theory on the




αr ln(z − zr) ,
X
r
αr = 0 . (3.4)
At the rst step of the calculations one can regard this map merely as a change of param-
eterization. Let Mτ be the pre-image of the light-cone diagram  with long but nite legs.
The inner path integral in (3.3) determines on Mτ the theory of d scalar elds dened with
respect to the pull-back ρglc of the at light-cone metric glc. The metric ρglc is related to
the standard metric gpl on the complex plane by the conformal factor σ(z),
ρglc(z) = eσ(z)gpl(z) , σ(z) = ln
∂ρ∂z
2 .
It is singular at the locations ZI of the interaction points and also in the limit jzj ! 1
(Appendix A.1).
At the second step one uses the conformal properties of the theory to change the metric
from eσgpl to gpl. The response of the path integral representation of the amplitude to this
change is given by the conformal anomaly [4, 38],Z
Mτ




DgplX(z, z)e−S[gpl,X(z,z)] , (3.5)
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where the integral on the r.h.s. goes over the elds satisfying boundary conditions
Xi
(
ρ−1(τr + iσr), ρ−1(τr − iσr)















where the abbreviated notations (A.5), (A.14) are used. Let us stress that since the stan-
dard metric gpl is regular at the interaction points so is the energymomentum tensor of the
transformed theory.
At the third step of our calculation we shall express the wave functionals Ψr[Xi(σr)]
through the vertex operators of the transverse CFT. Following the standard path integral









DgplXi(z, z) e−S[gpl,Xi(z,z)] V Tr (zr, zr) ,
where the integration goes over the elds dened on the disc
Dηr =
n














while V Tr (zr, zr) is the vertex operator corresponding to the state j r iT.
The complement of Mτ consists of disjoint sets Dτr around each point zr. For every r we
dene a non-singular, invertible conformal transformation






from Dτr into Dηr , with zr being a xed point. Using this map one can pull all the objects















DgplXi(z, z) e−S[gpl,Xi(z,z)] wrV Tr (zr, zr) ,
where ADτr denotes the conformal anomaly of the map (3.8) and the integration goes over
the elds Xi(z, z) on Dτr satisfying boundary condition
Xi
(
ρ−1(τr + iσr), ρ−1(τr − iσr)

= Xir(σr) . (3.10)
wrV Tr (zr, zr) in formula (3.9) denotes the pull-back of the vertex operator V Tr (zr, zr) by the
























V T~p (zr, zr) .
In the limit of large (but nite) jτrj, each Dτr tends to the small disc Dr centered at zr. The
radius r of Dr is given by
τr
α





ln jzr − zsj .































DgplXi(z, z) e−S[gpl,Xi(z,z)] wrV Tr (zr, zr) .
The functional integrals over the elds Xi(z, z) on the regions Mτ and Dτr (r = 1, . . . ,N),
integrated over common boundary values along common boundaries, combine to the functional
integral over the elds on the entire complex plane. Equations (3.3), (3.5), (3.12) then imply
the following expression:





















































where the abbreviated notations (A.14) are used.
3.3 Longitudinal sector
The conformal eld theory describing the string excitations in the Brower sector is not dened
by any action functional
5
and Mandelstam's functional method of constructing amplitudes
5
Note that the Coulomb gas formalism, although based on the action functional, does not provide the
standard Lagrangean eld-theoretical framework for the minimal models and should be regarded rather as an
ansatz for calculating the correlation functions.
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cannot be applied. There are also no counterparts of the local elds χi(z), eχi(z) and the
standard construction of the splittingjoining vertex based on the connection condition is
not directly available. One can however implement the idea of joiningsplitting interaction
dening the light-cone amplitudes in terms of the conformal eld theory on the light-cone
diagram. To this end one can use an appropriate generalization of formula (3.13) derived in
the previous subsection. This leads to the following Brower sector contribution



















where the vertex operators V Br (zr, zr) correspond to the external states j r iB in the Brower sec-
tor, and the correlation function is calculated within an appropriate minimal model. Although
we have expressed the Brower contribution in terms of the CFT on the complex plane, one
can easily transform the theory back to the light-cone diagram . In fact, such transformation
can be seen as a rigorous denition of the minimal model on .
Let us now turn to the Liouville longitudinal sector. According to the Liouville interpre-
tation advocated in Subsection 2.3 the energymomentum tensor is the only local eld in
this sector and the standard stateoperator correspondence is replaced by the statepuncture
correspondence. These conclusions were derived by analyzing the free theory on the cylinder.
In order to implement the idea of splittingjoining interaction some extension of the theory
from a cylinder to an arbitrary light-cone diagram is required. As we have seen in the other
sectors this can be done in terms of the Mandelstam map and a well dened conformal theory
on the complex plane. Our strategy in this paper is to nd all the properties of such theory
which are indispensable for a construction of the Lorentz covariant string amplitudes. As a
guiding principle one can use the properties of the free theory already derived in Subsection
2.3 along with the above derivation of the transverse and the Brower sector contributions to
the string amplitude. This leads to the following assumptions concerning the Liouville sector.
Our rst requirement concerns the conformal anomaly in the Liouville sector. We assume
that it has its universal form given by the Liouville action and depends on the central charge
cL = 1 + 48β in the standard way.
The second assumption is related to the fact that there is no operatorstate correspondence
in this sector. To the ground state applied to the free end of a semi-innite cylinder there
corresponds a puncture on the complex plane. In the case of tree light-cone diagrams with N
external states, instead of correlation functions of N vertex operators and arbitrary number of
the energymomentum tensor insertions on the Riemann sphere S2, one should rather expect
correlation functions of arbitrary number of the energymomentum tensor insertions on the









Since the vacuum of this sector is not PSL(2,C) invariant both the partition function (no
energymomentum tensor insertions) and the correlations functions of the energymomentum
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tensor on S2(z1, . . . , zN ) depend on the locations zr of the punctures. For this reason and also
because the properties of the punctures are similar to that of the primary vertex operators in










The theory on the cylinder discussed in Subsection 2.3. denes the Liouville theory on the
Riemann sphere with two punctures. In this case one can easily derive (just from the denitions
of the objects involved) the operator-operator product expansion (OOPE) and the operator-
puncture product expansion (OPPE):
T L(w)T L(z) =
1
2 (1 + 48β)
(w − z)4 +
2
(w − z)2 T
L(z) +
1
w − z ∂T
L(z) + . . . , (3.17)
T L(w)P (z, z) =
2β
(w − z)2 P (z, z) +
1
w − z ∂P (z, z) + . . . . (3.18)
The new assumption which can be seen as the connection condition for the energymomentum
tensor is that these expansions also hold in the case of the sphere with N punctures and that
the punctures are the only singularities of the energymomentum tensor.
The third requirement one has to impose on the correlation functions (3.16) concerns their
transformation properties with respect to the conformal change of their arguments:
δT
L(z) = − 1
2pii
I
dw (w)T L(w)T L(z) , (3.19)
δ,~P (z, z) = − 12pii
I




d w ~( w) eT L( w)P (z, z) .
With the expansions (3.17) and (3.18) one can cast this requirement in the form of the


































































Just as in the standard CFT the equations above completely determine all the three puncture
correlation functions (3.16). In particular in the case of no energymomentum insertions (the
15
three puncture partition function) we have
hP (z1, z1)P (z2, z2)P (z3, z3) i = Cjz1 − z2j2βjz1 − z3j2β jz2 − z3j2β . (3.23)
Let us stress that the correlation functions of punctures does not have the interpretation of
the vacuum expectation value of some operators acting in the Hilbert space VL of the free
theory. This means in particular that we are not forced to require any product expansion for
punctures. Still one can follow most of the constructions of the standard CFT. In particular the
familiar stateoperator correspondence can be replaced by the statepuncture correspondence
dened by
LL−n1 . . . L
L












(zN − z)nN−1 P (z, z)
where the contours of integration are chosen such that Ci surrounds Ci+1 for i = 1, . . . ,N−1,
and CN surrounds the point z. Using this prescription one can associate to each state j r iL 2
VL a uniquely determined object V Lr (z, z) which we shall call the vertex puncture correspond-
ing to j r iL. Using such vertex punctures one can dene the Liouville sector contribution to
the tree string amplitude by the formula analogous to those of the Brower (3.14) and of the
transverse (3.13) sectors



















The correlation function above can be in principle rewritten in terms of the contour integrals
of the correlators (3.16).
3.4 Light-cone amplitudes
Gathering formulae (3.1), (3.13), (3.14), (3.25), (3.7) of the previous subsections one gets the






































A more symmetric form can be obtained by proceeding to the KobaNielsen variables. We
choose z2, . . . , zN−2 as a new integration variables. The Jacobian of this change takes the form
(Appendix A.5)






















































r is the expected relativistic ux factor. The integration
domain D for the Koba-Nielsen variables depends on the geometry of the light-cone diagram
. It is well known from the theory of the critical string that the domains of integrations for
dierent types of the tree light-cone diagrams with N external legs sum up to the whole range
of integration C
N−3
of the Koba-Nielsen variables. Hence the full N -string tree amplitude is
given by formula (3.26) with the domain D replaced by C
N−3
.
In general the calculation of the amplitude (3.26) is dicult due to the complicated depen-
dence of the transformed vertex operators and vertex punctures on the Mandelstam map. An
essential simplication occurs for the (tachionic) ground states. In this case the transformed
vertex operators of the transverse sector satisfy formula (3.11). The corresponding formulae









2hm(p,q)V Bp,q(zr, zr) ,






4βP (zr, zr) .









+ 2hm(p, q) + 2β − 2
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Calculating the correlator in the transverse sector one gets an explicitly covariant expression





































In this section we shall analyze Lorentz covariance of the tree string amplitudes for arbitrary
states. Our approach is a slight modication of the method originally invented by Mandelstam
[15] and further developed in [37, 39, 40]. Nontrivial part concerns the generators M i− and
we restrict ourselves to this case.
Our aim is to calculate the eect of an innitesimal Lorentz rotation
jr i ! jr i+ εM i−jr i (4.1)
on the tree string amplitude. To this end we shall derive a convenient expression for the








































ρ T (ρ) ,
where T (ρ)  T T(ρ) + T B(ρ) + T L(ρ) is the total energymomentum tensor, T means (Eu-
clidean) time ordering, and the integration goes over the contour of constant time τ . Then
for every external leg one can write M i−r in the form
M i−r = Γ
i














T (ρ) , (4.4)
and
eΓir(τ), eQr(τ) are the antiholomorphic counterparts of Γir(τ), Qr(τ), respectively. Let us
stress that although M i− is conserved the decomposition (4.3) depends on the choice of the
























P−r (τ−τ 0) .
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These formulae hold also in the interacting theory if we assume the following transformation
rule of the local elds A(ρ, ρ) on the light-cone diagram with respect to the innitesimal
conformal transformations:








~(ω)eT (ω)A(ρ, ρ) . (4.5)
It is certainly satised in the sectors described by standard CFT. As we have discussed in
the previous section it is assumed in the Liouville sector as well. With this assumption the
action of the operators M i−r − ipαP i ∂∂αr on each external state jr i can be replaced by the
insertions of the operators Γir(τ 0r), eΓir(τ 0r), Qr(τ 00r ), eQr(τ 00r ) at arbitrary chosen times τ 0r, τ 00r on
the corresponding external legs.
Let us rst calculate the eect of Γir(τ 0r), eΓir(τ 0r) insertions. To the sum of contributions
of external legs one can add pairs of opposite contributions of opposite oriented contours for
each intermediate cylinder. Since the insertion times are arbitrary one can move the contours
of integration towards nearest interaction times τI in such a way that each interaction point









Fig. 1 Integration contours on the light-cone graph
The contribution of each interaction point can be rearranged as follows:






















T (T (ρ) (χi(ρ)− χi(ρI) . (4.6)
In order to calculate the contour integrals iI , eiI one can proceed from the light-cone diagram








T (T T(z) (χi(z)− χi(zI)
− c
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Fig. 2 Deformation of the integration contour on the complex z plane



















where the constants a, b are determined by the expansion








of the Mandelstam map (3.4) near the interaction point. Since cT + cB + cL = 24 and the
calculations in the antiholomorphic sector are essentially identical, the rst two terms in (4.6)























(χi(ρI) + eχi(ρI)) .
Thus inside the correlator dening the string amplitude one gets
NX
r=1
(Γir(τr) + eΓir(τr)) = N−2X
I=1




Xi(ρI , ρI) . (4.9)
Let us now consider the eect of the third term in the decomposition (4.3). Since the
external states are eigenstates of the momenta operators one can replace P ir by corresponding
eigenvalues pir. In the p
+













r ) and vanishes by the conservation of P i momentum. In
the other sectors the string amplitude depends on αr only via the geometry of the light-cone
diagram. For all r the change αr ! αr + δαr corresponds to the rescaling of the rth external
leg
ρ ! ρ + δαr ρ
αr
, ρ ! ρ + δαr ρ
αr
. (4.10)
It follows from (4.5) that the the eect of these rescaling on the local operators (punctures)
representing external state on the rth leg is given by the insertion of the operator −Qr(τ)−
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and therefore the third and the fourth term in (4.3) cancel each other.
The net eect of the innitesimal Lorentz rotation (4.1) on the contribution A to the























where W T[XiI ] denotes the transverse sector contribution modied by the insertion of the
operator Xi(ρ) at the interaction point ρI . Due to the ordering of the interaction times for
a given light-cone diagram the integral above yields non-vanishing boundary terms. It is well
known from the theory of critical string [33, 34, 37] that boundaries of integration of all
light-cone diagrams contributing to a given tree string amplitude can be arranged into pairs
of identical boundaries corresponding to dierent diagrams. An example of such a pair is








Fig. 3 s-channel (3a) and t-channel (3b) boundary contribution to the scattering amplitude
The boundary terms corresponding to each of these pairs cancel each other if the expres-
sions W T[XiI ]W
BW L for dierent diagrams are the same on the common boundary component.
In our construction, where the expression W T[XiI ]W
BW L was dened in terms of a Mandel-
stam map and conformal eld theories on the complex plane, this condition is satised. Indeed
the Mandelstam map is the same for light-cone diagrams with common boundaries of integra-
tion and the correlators on the complex plane depend on the interaction times only through
the insertion Xi(ZI). This completes the proof of the Lorentz covariance of the light-cone tree
string amplitudes introduced in Sect. 3.
5 Unitarity
There are three basic properties of the Liouville sector which are essential for our proof of the
Lorentz covariance. The rst two  the spectrum and the central charge  are determined
by the free theory we have started with. The third one is the transformation rule (3.20) for
the punctures. As we have seen in the previous section it is an indispensable feature of any
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Lorentz covariant joiningsplitting interaction. The rule relates the change of puncture with
respect to the conformal transformation of its location to the action of the energy momentum
tensor. In that respect the punctures behave as primary operators. The only fundamental
property of standard CFT we have not yet required in the Liouville sector is the puncture
 puncture product expansion (PPPE). The question arises to what extend this property is
necessary for the perturbative unitarity of tree amplitudes.
We shall start with a brief discussion of the critical string. According to the presentation of
Sect. 3 the tree amplitudes can be constructed by means of correlators of 24 copies of the scalar
conformal eld on the complex plane. In order to prove the unitarity one has to identify these
amplitudes as terms of a Dyson perturbative expansion in the space of multi-string states. Such
identication is easily seen in the functional approach where one can express the amplitudes
in terms of path integrals on light cone diagrams. Cutting the path integral open just before
and just after each interaction time one gets the free string propagation of multi-string states
between instant joiningsplitting interaction vertices (Fig. 4). This intuitive picture can be
justify by explicit calculations. Considering the limit of an innitely short pants one can
construct an operator corresponding to the elementary joiningsplitting vertex [33, 34, 35, 36].
This vertex and the free string evolution yield the Dyson expansion required.
t 1t 2t 3
{{
V V Vt 2 t 3iH( )-e t 1 t 2iH( )-e
Fig. 4 Decomposition of the light-cone graph onto vertices and free propagation
One can extend this line of reasoning to the string degrees of freedom described by arbitrary
standard CFT. This concerns in particular various compactications of critical string. What
we need to separate the correlator into regions of free propagation and interaction vertices, is
a well dened cutting-open procedure i.e. a prescription which for any closed curve with no
self-intersections yields a unique decomposition of the correlator into scalar product of two
states from the free string Hilbert space. With the operatorstate correspondence assumed the
existence of such procedure is equivalent to the operator product expansion (OPE) which is a
fundamental property of any standard CFT. The detailed construction of the decomposition of
the correlator into cylinders of free propagation and innitely short pants of joiningsplitting
vertices goes beyond the scope of the present paper. Let us only mention that one can use
for instance the techniques of [41] where a similar decomposition into 3-point functions was
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derived.
Let us now turn to the non-critical string. In the transverse and in the Brower longitudinal
sector one can decompose the correlators into interaction vertices and free evolution just as in
the case of critical string. A similar decomposition in the Liouville sector requires the puncture-
puncture product expansion (PPPE). This however leads to some consistency conditions. One
can for instance apply PPPE to calculate 4-puncture correlator in three dierent ways. The
condition that the results should coincide is usually referred to as the crossing symmetry or
the bootstrap equation. One of its consequences in standard CFT is the restriction on possible
central charge, conformal dimensions, and fusion rules known as Vafa's condition [42]. Using
Lewellen's derivation of this condition [43] one can show that the PPPE assumption is in
contradiction with the spectrum of conformal weights in the Liouville sector (Appendix D).
Let us rst assume that PPPE holds. Then the spectrum in the Liouville sector must
be essentially larger. In commonly adopted approaches to the quantum Liouville theory it is
actually continuous [44]. It was conjectured some time ago [45] that the continuum spectrum
along with the 3-point functions proposed by Otto and Dorn [46] satisfy the bootstrap consis-
tency conditions. This conjecture was recently proved by Ponsot and Teschner [47, 48] in the
weak coupling regime c > 25. It is believed to hold in the strong coupling regime 1 < c < 25
by the analytic continuation argument [24]. Although consistent with unitarity of non-critical
string this version of the quantum Liouville theory can hardly be used to describe the lon-
gitudinal sector of non-critical string. Indeed the Liouville continuous spectrum would result
in the continuous family of intercepts. A truncation of spectrum to some discrete subset was
proposed by Gervais [49]. However, due to technicalities involved [50, 51], it is still not clear
whether this approach may lead to consistent string models in non-critical dimensions.
The second possibility is to relax the PPPE requirement and to assume all the properties
of the Liouville sector we have derived in Subsections 2.3 and 3.3. Up to our knowledge the
possibility of going so far beyond the scheme of standard CFT has not yet been explored. In
the rest of this section we shall briey discuss what are the most important open questions of
this approach. For this purpose let us consider the N -point amplitudes given by tree connected
light-cone diagrams. We shall call them LC-amplitudes. The main consequence of the lack of
PPPE is that the amplitudes cannot be in general factorized in the space of free string states.
In particular the LC-amplitudes cannot be expressed in terms of free string propagators and
lower order LC-amplitudes.
The rst question concerns the structure of the string perturbation expansion which is in
fact the only available way to dene the interacting theory. If we consider an intuitive picture
of interaction encoded in the geometry of the light-cone diagrams it may seem that all possible
virtual events of joiningsplitting are properly counted by the LC-amplitudes. On the other
hand, for the sake of unitarity it is reasonable to include in the string perturbation expansion,
apart from LC-amplitudes themselves, also contributions build up from LC-amplitudes and
inverted free string propagators. For instance in the case of 4-point amplitudes one has to



















Fig. 5a Diagrams contributing to the 4-string scattering amplitude in the non-critical dimension
In this respect the perturbation expansion of non-critical string would take the form of
the expansion of a eld theory with non-polynomial interaction. This would be one of the
most promising and interesting features of the model, especially from the point of view of its
application to strong interactions.
Let us stress that in the critical string such problem does not arise. All N -point LC-
amplitudes can be constructed out of the free propagator and the lowest order, 3-point am-
plitude. Due to the assumed associativity of OPE also dierent sewing constructions yield



















Fig. 5b For the string in the critical dimension all diagrams give the same contribution
Without the PPPE assumption all the properties we needed for the Lorentz covariance are
certainly not enough to determine the theory in the Liouville sector. The question arises how
to construct a working model with the properties required. The most promising candidate
is the so called geometrical approach to the 2-dim quantum gravity originally proposed by
Polyakov [25] and further developed by Takhtajan several years ago [26, 27, 28, 29]. According
to this approach the Liouville correlation functions are dened in terms of path integral over
conformal class of Riemannian metrics in which the vertex operator insertions are replaced
by metric singularities at the insertion points. The case of the metrics with hyperbolic singu-
larities was extensively analyzed by means of the perturbation expansion around the classical
hyperbolic geometry [26, 27, 28]. In particular the conformal weight of puncture and the cen-
tral charge were calculated, and the conformal Ward identities were proved. The results are
in perfect agreement with the properties of the Liouville sector we required in Subsections
2.3 and 3.3 on dierent grounds. Let us stress that the geometrical approach is strongly jus-
tied by the fact that many of its geometric predictions can be rigorously proved ([27, 28],
and references therein). One may hope that the main open problem of this approach  the
calculation of puncture correlators  is well posed and has a consistent solution. But if so
the same must be true for the longstanding, still open, and still fascinating problem of string
interaction in 4 dimensions.
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A. The Mandelstam map
A.1 Conformal factor of the Mandelstam map




αr ln(z − zr) ,
NX
r=1













The metric ρgc is at except at singular points fzrgNr=1 and fZIgN−2I=1 . Singularities at these











ds κg = 2− 2g − b .
One gets p
ρgc Rρgc = −4pi
N−2X
I=1
δ(z − ZI) + 4pi
NX
r=1
δ(z − zr) .
Since p
ρg Rρg = −∂apggab∂bφ + Rg ,




δ(z − ZI) + 4pi
NX
r=1
δ(z − zr) , r2  ∂a∂a = 4∂z∂z .
On the complex plane an identity
r2 ln jz − wj2 = 4piδ(z − w)
holds and the general solution to the previous equation can be written as
σ = σ0 +
N−2X
I=1
ln jz − ZI j2 −
NX
r=1
ln jz − zrj2 , (A.2)
where σ0 is an arbitrary solution of the homogeneous equation
r2σ0 = 0 .
One can nd σ0 analyzing the asymptotic behavior of σ for jzj2 !1. From (A.1) one gets



























σ = σ0 − 2 ln jzj2 + o( 1jzj) . (A.4)







and leads to the following expression for the conformal factor
σ = ln A2 +
N−2X
I=1
ln jz − ZI j2 −
NX
r=1
ln jz − zrj2 . (A.6)
A.2 Boundary terms





ds σna∂aσ = lnA2 − ln 2r −
X
s(s 6=r)
ln jzr − zsj2 +
X
I
ln jZI − zrj2 (A.7)





ds σna∂aσ = − lnA2 − ln 2I −
X
J(J 6=I)
ln jZI − ZJ j2 +
X
r
ln jzr − ZI j2 (A.9)





ds σna∂aσ = 4 ln 1 − 2 ln A = −4 ln r0 + 2 ln A , (A.11)
where ∂Mr and ∂MI denote small circles of the radii r and I , surrounding points zr and
ZI , respectively, and ∂M1 is a big circle of the radius 1 surrounding 1.
External points
In the limit
r = jz − zrj ! 0
one has
ρ(z)  αr ln(z − zr) ,
σ = 2 ln
 ∂ρ∂zr
  2 ln  αrz − zr
 = 2 ln jαrjr ,
















ds σna∂aσ  2 ln jαrj − 2 ln r ,
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ln jz − zsj2 +
X
I
ln jz − ZI j2
1A 2
r
 ln A2 − ln 2r −
X
s(s 6=r)
ln jzr − zsj2 +
X
I
ln jzr − ZI j2 .
Interaction points
For
I = jz − ZI j ! 0
one has

























σ = 2 ln
∂ρ∂z
  2 ln cI + 2 ln I = 2 ln cI + ln 2rIcI = ln cI + ln 2rI ,
na∂aσ = − ∂
∂r








ds σna∂aσ  −2 ln cI − 2 ln I = − ln cI − ln 2rI ,
what proves (A.10). On the other hand, with the help of (A.6) we haveZ
∂MI


















ln jz − ZI j2 −
X
r
ln jz − zrj2
1A 2
I
 −4pi ln A2 − 4pi ln 2I − 4pi
X
J(J 6=I)
ln jZI − ZJ j2 + 4pi
X
I






































For the radius r0 of the circle surrounding 0 on the light-cone diagram one thus gets





 = A1 .
In the limit jzj ! 1 one also has








ds σna∂aσ = 4 ln 1 − 2 ln A = −4 ln r0 + 2 ln A .
A.3 Identities
Comparing the r.h.s of (A.7), (A.8) and (A.9), (A.10) one gets the identities







ln jzr − zsj −
X
I
ln jZI − zrj , (A.12)







ln jZI − ZJ j −
X
r
ln jzr − ZI j . (A.13)


















ln jzr − zsj2 −
X
I,r
ln jZI − zrj2 +
X
J<I





cI , [α] 
NY
r=1










jZI − ZJ jQ
r,I
jzr − ZI j ,
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it can be written in the form
[c][α]−1 = A−2[P ]2 . (A.15)
A.4 Conformal anomaly
We calculate the Liouville action for the conformal factor of the Mandelstam map
SL[g, σ]  18pi
Z p

































The last line of the formula above is necessary for regularization of the singularities arising at
the points ZI and z ! 1 which correspond via the full Mandelstam map to internal points
on the light-cone diagram.





dsκgσ = −2 ln jαrj+ 2 ln r .
Using expressions (A.8), (A.10) and (A.11) for other boundary integrals one gets






ln r − 12
N−2X
I=1






































A.5 Jacobian for the Mandelstam map




αr ln(ZI − zr) , (A.17)
where ZI = ZI(αs, zs) is a solution of the equationX
r
αr
ZI − zr = 0 . (A.18)
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When we change the integration variables from dierences of the interaction points ρI − ρ1
























ZI − zs ,
and consequently
J =
det αs(ZI − Z1)(ZI − zs)(Z1 − xs)
2 = N−2Y
r=2
 αrZ1 − zr
2 N−2Y
J=2
jZJ − Z1j2 jdet Cj2 ,
where C is an (N − 3) (N − 3) matrix with elements
CIr =
1
ZI − zr .
The identity









(ZI − zr)−1 , (A.19)
where wN−3 depends only on N, follows from the fact that both sides of (A.19) are analytic
functions of all zr−s and ZI−s with the same locations and orders of zeroes and poles. If we




1 1/2 . . . 1/n












(n + k − 1)!
#−1










































I jZI − ztj2Q
s 6=t jzs − ztj2
)
= j(zN − zN−1)(zN − z1)(zN−1 − z1)j2 A−6[α]2[P ]2 , (A.20)
where the last equality follows from (A.12) and A is dened by (A.5).
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B. Operatorstates correspondence
















Using the equivalence of the operator and path integral expression for the evolution operator






















DglcXi(σ, τ) e−S[glc,Xi(σ,τ)] Ψr[Xir0(σr)] ,
where the inner path integral goes over the elds satisfying the Dirichlet boundary conditions
Xi(σr, τr) = Xir(σr) , X
i(σr, τ 0r) = X
i
r0(σr) .
The functional Fourier transform at the light-cone time τ 0r allows to convert the wave functional













dσ0r P ir(σ0r)Xi(σ0r ,τ 0r) Ψr[P ir0(σr)] ,
with





Using the conformal map
ρr(z) = αr ln(z − zr) (B.3)






























αr ) Ψr[P ir0(σ
0
r)] ,





In the limit η0r ! 0 one can replace the integration over the elds dened on the annulus
Pr with the boundary conditions on the small boundary determined by the state functional
Ψr[P ir0(σ
0
r)], by the integration over the elds on the disc Dr = fz : jz − zrj 6 ηrg with an
appropriate operator insertion V Tr (zr, zr) at zr. In this limit the η0r-dependence drops out.
Indeed the contribution from the partition function on the annulus:Z
Pr
DgplXi(w, w) e−S[gpl,Xi(w, w)] / (η0r)−
cT
6 ,
and the "self interaction" term (η0r)r resulting from the singular behavior of the classical














DgplXi(w, w) e−S[gpl,Xi(w, w)] V Tr (zr, zr) . (B.5)
C. Calculation of the contour integrals




















T T T(w) (χi(z)− χi(zI) ,
where
ε = ρ(w) − ρ(z) (C.1)
is small compared to z − zI , we use the identity
T T(w)χi(z) =
1
w − z ∂wχ
i(w)+ : T T(w)χi(z) : =
1
w − z ∂wχ

































The second integral vanishes due to the zero of χi(z)− χi(zI) for z ! zI .
























Expanding ρ(w) around z and inverting the resulting series one gets





ε2 +O (ε3 .
Consequently
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where we have used the fact that ∂zχ










If we write Taylor expansion of ρ(z) around zI as

























































D. Proof of nonexistence of PPPE
Let us assume that  in complement to the properties of the Liouville longitudinal sector
already postulated in sections 2 and 3  one can also demand the existence of the puncture
puncture product expansion (PPPE). Following [42, 43, 52] we shall show that the theory
dened in this way is inconsistent.
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Thanks to the global conformal invariance of the theory and the transformation properties
of the vertex punctures the four puncture partition function,
F(z1, z1, . . . , z4, z4) = hP (z1, z1)P (z2, z2)P (z3, z3)P (z4, z4)i ,
can be written in the form





3 Y (x, x) ,
where h = h = 2β and Y depends only on the anharmonic ratios
x =
(z1 − z2) (z3 − z4)
(z1 − z3) (z2 − z4) , x =
(z1 − z2) (z3 − z4)
(z1 − z3) (z2 − z4) .
One can present the function Y in three equivalent ways,
Y (x, x) = jx(1− x)j 4h3 hP (1,1)P (1, 1)P (x, x)P (0, 0)i
= jx(1− x)j 4h3 hP (1,1)P (1, 1)P (1 − x, 1− x)P (0, 0)i (D.1)
= jx(1− x)j 4h3












where in the rst line we have used global conformal invariance to set z1 ! 1, z2 ! 1 and
z4 ! 0 what implies z3 = x, in the second line z1 ! 1, z3 ! 1, z4 ! 0 what gives z2 = 1x
and in the third line z1 ! 1, z4 ! 1, z2 ! 0 so that z3 = 1 − x. As there is only one
conformal family of states in the theory, there is only one conformal family of corresponding
vertex punctures and the PPPE is necessarily of the form
P (x, x)P (0, 0) = Cx−hx−h

P (0, 0) + β1x LL−1  P (0, 0) + β1x LL−1  P (0, 0) + . . .

, (D.2)
with the constant C that appears in the three puncture partition function (3.23) and the
descendant vertex punctures LL−1  P (0, 0), LL−1  P (0, 0), etc. dened by (3.24).
As the holomorphic and antiholomorphic Virasoro algebras commute, the r.h.s. of (D.2)
factorizes onto holomorphic and antiholomorphic parts. The coecients βi, βi are determined
recursively with the help of the conformal Ward identity (3.21). Insertion of (D.2) into the
four puncture partition function (and the conformal Ward identities (3.22)) gives
hV (1,1)V (1, 1)V (x, x)V (0, 0)i = Cf(x) f(x) , (D.3)
where the holomorphic function f(x) is the BPZ conformal block [53], uniquely determined
through the discussed procedure by the value of h and the conformal anomaly c = 1 + 48β.
In particular, for β > 0 (and c > 1) the leading term in the expansion of f does not vanish,
f(x) = x
h
3 [1 +O(x)] (D.4)
as x ! 0. Moreover, it is known [53] that the only singularities of f (in the form of the poles
or branch points) can appear for values of x corresponding to coinciding vertex operators (in
our case, coinciding punctures), i.e. for x = 0, 1 or 1.
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= f(1− x). Equation (D.4) then implies










for x !1 . (D.5)
It is however immediate to see that for non-integer h (which is the case we are interested in)
such a function cannot exist. Equations (D.4) and (D.5) imply that monodromy of f around
each of its singularities (i.e. phase the function f acquires while analytically continued along
curve encircling the singularity) is equal to e
2piih







corresponds to the phase the function f acquires while analytically continued along a con-
tractible curve encircling all the singularities of f. Monodromy of any analytic function along
a contractible curve is trivial (equal to 1) which is in contradiction with the equation above
unless h 2 Z. In conclusion  either the constant C which appears in the three puncture
correlation function is equal to zero and the theory is non-interacting, or one has to drop the
assumption about the existence of the PPPE.
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